We study the correlation between an impurity and a small ensemble of bosonic particles in one dimension. Our study analyzes the one-body density matrix and calculates the corresponding von Neumann entanglement entropy as a function of the interaction strength between the impurity and the bosons when all particles have the same mass. We show that the entropy grows very fast for small and moderate interaction strength and then increases slowly toward the strongly interacting regime. Then we study the effect over the quantum correlations of a mass imbalance between the impurity and the bosons. In the strongly interacting case, we discover that when the impurity is much heavier than the bosons, then we have the least possible correlation. However, the entropy tops its maximum when the mass ratio is between 3 and 4 in the case where there are four bosonic particles and then falls off to its minimum for higher mass imbalance.
I. INTRODUCTION
The interest for one dimensional ultra cold quantum systems has grown considerably in the last few years. This is partly due to the realization of such systems in highly controllable environments using cold atomic gases [1] [2] [3] [4] [5] [6] [7] and partly due to the revelation of interesting quantum phenomena that are unique to one dimension (1D). Some of the fundamental 1D effects include spin-charge separation, which has been studied recently for both fermions and bosons [8] . The spin separation is usually caused by the well-known Pauli principle for fermions, however in Bose mixtures, where the bosonic system consists of two-component subsystems, the separation has also been found. In that sense, the bosonic systems are more interesting than fermionic ones because here, in addition to inter-species interaction, one can also tune the intra-species interaction, which is the interaction between the same type of particles. The latter is clearly not an option for fermions due to the Pauli principle (when considering only s-wave interactions). In Bose mixtures it has been shown that a Ferromagnetic ground state occurs when the intra-and inter-species interactions are identical [9] [10] [11] [12] [13] .
A particular case of Bose mixtures where one single atom of one kind, usually called the impurity, interacting with a number of quantum particles of other kind, also called majority particles, is also an interesting field in 1D systems. Just to mention a few studies and effects in this area one can mention the Landau-Pekar polaron [14, 15] and a magnetic impurity in a metal resulting in the Kondo effect [16] . Moreover, the impurity atom interacting with a Bose-Einstein condensate has been found to have a bound ground state in which the impurity is self-localized in the so-called polaron-like state [17] [18] [19] [20] . There has been considerable recent interest in the physics of polarons in quasi-condensates [21] [22] [23] , also in the case where the mass of the impurity is different from the mass of the bosons [24] [25] [26] . In a recent study the crossover between few-and many-body behaviors in Bose mixtures in the equal mass case was explored [27] . Moreover, a new method has been developed to study the general case of the many body Bose polarons [28] . Studying such systems and their behavior can help to understand the physics behind some general phenomena in polaron and many-body physics.
Here we extend the studies done before by investigating how correlated the impurity and the majority particles are with each other. The correlation is investigated in two cases; one as a function of interaction strength between the impurity and majority particles and the other as a function of mass ratio between the two components.
The paper is organized as follows. In Sec. II we introduce the model we study and explore the dynamics of a two species system consisting of one atom of one type and up to 4 atoms of other type. In this section we focus on the same mass case but vary the interaction strength between the two species. In Sec. III we extend our discussion to the mass imbalanced case and highlight the main effects by showing the behavior of the one-body density matrix for the impurity and majority particles. In addition we calculate the entanglement between them and show how the highest occupied orbitals evolve as we vary the interaction strength and mass ratio.
II. HAMILTONIAN OF THE SYSTEM AND MASS-BALANCED WAVE FUNCTIONS
We consider a one-dimensional mixture of N A identical bosons of one kind, A, with coordinates x i , i = 1, . . . , N A , and one atom of kind B, with coordinate y. We assume that the N A identical bosons do not interact among themselves. We consider contact repulsive interactions between the N A bosons of type A and the additional B atom, which we call the impurity. We model the interactions by a delta function of strength given by the coupling constant g.
We assume the same trapping oscillator frequency ω for the bosons and the impurity, although we note that the formalism we use can in principle treat also different oscillator frequencies.
We assume that the mass of the bosons, m A can be different from that of the impurity, m B . In this situation, the Hamiltonian reads
where m BA ≡ m B /m A . Here, we scaled all energies by ω and all distances by the harmonic oscillator length a ho = /m A ω. Thus, the coupling constant g is scaled by ωa ho .
As a benchmark, let us first briefly discuss the case in which m BA = 1 and g is tuned from zero to infinity. In the non-interacting case, g = 0, the ground state is non-degenerate, and its wave function is real, positive, without zeros, and symmetric under the exchange of all atoms. It is given by (2) with Gaussian ψ 0 (x) = π −1/4 exp(−x 2 /2), and energy E g.s. = (N A + 1)/2. When g → ∞, the wave function has to vanish at all points where x i = y, ∀i. A wave function as an ansatz fulfilling this condition could be [29] [30] [31] 
This wave function is zero whenever one of the bosons and the impurity are in the same position. This ansatz is real and positive, that is, it has zeros but not changes of sign. The fact that the impurity is distinguishable from the rest of bosons means that there is no symmetrization condition under the interchange of any of the bosons and the impurity. The modulus in Eq. (3) enforces that when interchanging any A atom with the impurity, the wave function is even. But one can have an odd wave function under the interchange of the impurity and any A atom. These kind of functions have been discussed for N A = 2 in [31, 32] (see also the analysis based in symmetry arguments given in [33] [34] [35] ). It was shown previously [27, 32] that the two-fold degeneracy comes from the fact that the impurity in the equal mass case is pushed to the side of the trap. It may sit on either the left-or righthand side of all the bosons. However, since we need to conserve parity the two degenerate states will be even and odd linear combinations of having it localized on the left or the right [27] .
In Fig. 1 we show how this quasi-degenerate energy pair appears as g is increased, for N A = 2, 3, 4 and 9. We calculated this spectra with a many-mode direct diagonalization algorithm as the one described in [36, 37] for N A = 2, 3, 4. We also calculated for larger number of atoms with the method described in Appendix A and [28] , obtaining the same quasi-degenerated pair in the lower part of the spectra for larger number of bosons.
In Fig. 1 we show the results for N A = 9. Note that for small g, the energy per atom of the ground state is 1/2 while the one of the excited state is (N A /2 + 3/2)/(N A + 1). For large g, the energy of the quasi-degenerate pair is smaller as N A is increased, as shown in the inset of Fig. 1 (see [27] ).
In this work we are interested in the complicated correlations and coherences that are present in the system due to the interactions between the bosons and the impurity. To this end it is natural to compute the one-body density matrices (OBDM) for an A atom and for the impurity one. These read
and
This bosonic system is not in an ideal Bose system state (product of ground state single-particle wave functions) when g becomes sufficiently large. This conclusion can be reached from diagonalization of the OBDM, which produces the natural orbitals and their occupations, λ i . The largest occupation of a natural orbital for the bosons, λ A 0 , is reduced as g is increased [see Fig. 2 (a)]. As one increases the number of bosons, the system is less disturbed by the presence of the impurity, and the value of λ 0 for large g gets closer to one. On the other hand, the largest occupation of a natural orbit for the impurity, λ seem to depend on the number of atoms in A. Moreover, if we consider two different parts of the system, one being the bosons and the other the impurity, one can see that there are strong quantum correlations built up among the two as g is increased. In order to show this effect, we calculate the entanglement entropy, which is defined as S(ρ
, which can be obtained from the natural orbits occupation as S(ρ B ) = − i λ i log 2 λ i . Note that this formula provides the entanglement entropy between the bosons and the impurity because it corresponds to tracing out all degrees of freedom associated with A. As shown in Fig. 2 (c) this entropy grows as g is increased, showing that indeed the interactions are responsible for the built up of correlations between the bosons and the impurity. Also we observe that the entanglement entropy grows steeply for g < 5. Finally, this growth becomes sharper for larger values of N A .
In Fig. 3 a) and d) we provide the analytical OBDM for the N A = 2 case with infinite interaction [32, 33] . In Fig. 3 c), d ), e) and f) we show the numerically calculated OBDMs of the ground state for the bosons with N A = 2, 4 and for the impurity. The numerical OBDMs are represented for g = 20, which is a value of the coupling constant large enough to have strong correlations between both species (see Fig. 2 ). The diagonal of these matrices, that is when x = x ′ or y = y ′ , is the corresponding density profile. As shown, for large g, the density profile of the impurity corresponds to it being located in the left or in the right side of the bosons. For two bosons the OBDM of the bosons gets more distorted when compared to a Gaussian profile than for four bosons, and indeed gets more Gaussian for N A = 4. This shows that the effect of the impurity on the bosons cloud is smaller as A gets more populated. In turn, for larger N A the two peaks in the density profile for the impurity are displaced further away from the center of the trap. For smaller g the overlap of the density profiles of both species is larger but also the entanglement entropy is smaller, thus showing less correlations between the impurity and the bosons.
III. CORRELATIONS AND ENTANGLEMENT ENTROPY FOR MASS IMBALANCED SYSTEMS
As g is increased, the entanglement entropy shown in Fig. 2(c) between the impurity and majority atoms grows, showing that strong correlations between these two parts are built up. When g is large enough to have large correlations between both species, one may expect that, if one allows for the impurity to be heavier, there should be some value of the mass of the impurity in which it is heavy enough as to localize in the center of the trap. This would effectively imply a mass-driven transition between edge localization and central localization of the . Distances are in units of the corresponding oscillator length, a ho , which in the case of the impurity changes as mB is increased. As shown, as the mass ratio mBA is increased, the impurity tends to localize in the center of the trap while the A atomic cloud shows at dip in the center of the trap.
impurity. A similar transition driven by mass-imbalance has been seen in two-component fermionic systems [38] . Then, in the limit of large ratios m BA , the entanglement entropy may drop down and density separation may occur between the impurity and the bosons. Let us note here that increasing the trapping frequency for B will also force the impurity to locate in the centre of the trap. We expect that this alternative strategy gives similar qualitative results. In the following, we discuss how the correlations, coherences and densities of the bosons and the impurity behave when one considers increased mass ratios, m BA . The first effect of considering a m BA slightly greater than one is to break the quasi-degeneracy present in the limit of large g. Then, for m BA > 1 the ground state is no longer quasi degenerate, even for large g. In Fig. 4 we show how the density profile for the impurity and for the bosons changes as the impurity is assumed to be heavier for a large value of g and different values of N A . As expected the impurity tends to localize in the center of the trap for large values of m BA and the density profiles for the bosons show a minimum coinciding with the center of the trap, where the impurity localizes. This minimum is smaller for larger values of N A . In a previous work [39] , it was shown that in a three-body system with two identical fermions and an impurity the transition of the impurity from the edge to the center of the trap takes place for any infinitesimally small mass-imbalance when g → ∞.
In the present case with identical non-interacting bosons we observe that the transition happens at some finite m BA > 1 for large but finite coupling constant (the results shown in Fig. 4 have large g = 10 but not infinite g). The fact that the bosons are non-interacting is a clear difference to the fermionic case [40] . Here one needs to consider an intricate competition of kinetic, interactions and trap energy. In particular, in order for the impurity to move to the center, it has to push the two bosons out to the edge, thus increasing their kinetic and trap energy. This may require a finite mass difference to be favorable. Thus, we should not be surprised to see that this transition happens gradually for non-interacting bosons, and occurs for larger mass imbalance when there are more bosons that have to get out of the way to make room for the impurity in the center of the trap. The numerical results for g = 10 provided here are in any case not sufficient to conclude that the transition occurs for any m BA > 1 at g → ∞. This will be an interesting topic for future work.
From the density profiles one can observe that this localization of the B atom seems to occur abruptly as a function of m BA . This is more apparent from the calculation of the natural orbits occupations and the change in entanglement entropy as a function of m BA , which is shown in Fig. 5 . We plot these variables for different values of N A . First, the largest occupation of a natural . We define the threshold mass ratio, m th BA , as the value of the mass ratio at which the largest natural occupation of a natural orbital for B reaches a minimum. This threshold mass depends on the number of bosons, N A , and is increased for larger N A for small values of N A (see discussion on previous paragraph). For increasing m BA while kept in the interval [1, m th BA ] the entanglement entropy is increased [see Fig. 5 (c) ]. Note that the entanglement entropy is calculated from the natural orbits occupations of B, so the maximum of the entanglement is related to the minimum of the largest natural orbital occupation for B. Indeed, the overlap between the density profiles of the bosons and the impurity is yet large for m BA > 1 but kept within this interval. In Fig. 6 we show the OBDMs for N A = 2, 3 and 4 for a value of the mass ratio close to the maximum of the entanglement entropy [see Fig. 2(c) ]. These OBDMs show that the density profiles (the diagonals of the OBDMs) show a great overlap between the impurity and the A atomic cloud. In addition, the offdiagonal terms show that these are very correlated, as they correspond to the large value of the entanglement entropy.
For values of the mass ratio larger than m th BA , the largest occupation of a natural orbital of both species grows toward a value close to 1. For the bosons this final value coincides with different values of N A . On the contrary, for B this value is smaller for larger values of N A . Further, the entanglement entropy drops quickly down. The final value of the entanglement entropy is larger for larger N A . Moreover, the density profile of the impurity shows that it localizes in the center of the trap, while the density profile of the bosons shows a minimum where the impurity is localized. So as one increases the mass ratio above one, the first effect is to increase the correlations among the bosons and the impurity. The impurity has a tendency to occupy the center of the trap due to the increase in its mass, but the repulsion with the bosons keeps it towards the edges of the system. Remarkably, when the mass ratio is large enough as to produce the localization of the impurity in the center of the trap, the largest natural occupation of A tends to a value close to one. This in turn means that a single impurity is not able to fragment the bosons for large mass ratios. Indeed, the fact that the largest occupation of a natural orbital for B is smaller and that the entanglement entropy is larger for larger N A shows that there is yet correlation between the bosons and the impurity which gets larger as N A is increased.
IV. CONCLUSIONS
We have shown that when the impurity and up to four bosons interact with each other the correlation in the system grows as a function of interaction strength. Furthermore, we have shown that when the impurity is much heavier than the bosons, then we have the least possible correlation. Moreover, the entropy reaches a maximum when the mass ratio is somewhere between 3 and 4 for up to four bosonic particles and then falls off afterwards. Whether or not this holds for higher number of bosonic particles is an open question for future investigation. Here, we did not study the possibility of tuning the trapping frequency for the impurity, which is an experimentally feasible strategy, but we expect that it will also lead to a strongly correlated state for certain value of ω B . The study on the effect of ω B or the combined effect of changing m BA together with ω B falls out of the scope of the paper and is left as an outlook. Also, a detailed study of the limit of N A → ∞ and how the threshold mass changes as g → ∞ is left for future investigations. In this section we explain briefly how we calculated the results for the 9 bosonic particles. The method is discussed in more details in [28] , however, we also discuss some of the limitations in the method when it comes to the mass-imbalanced case. The Hamiltonian is written as,
The y and x i coordinates represent the impurity and the majority particles respectively as in Eq. (1). Therefore we only remind that m BA ≡ m B /m A and all energies are scaled by ω and all distances by the harmonic oscillator length a ho = /m A ω. We introduce an adiabatic decomposition of the total wave function of the form
where Φ j is a normalized eigenstate of the eigenproblem
and the eigenvalue problem depends parametrically on y. For a given g, we impose the condition that the total wave function must satisfy a deltafunction boundary condition for x i = y, i = 1, . . . , N A . This implies a discontinuity in the derivative of Φ j whenever x i = y or Φ j = 0 when 1/g → 0. Since we assume the bosonic particles are noninteracting with each other, we can write
whereŜ denotes the symmetrization operator and f ki (x i |y) is the kth normalized eigenstate of h 0 (x i ), which satisfies the delta-boundary condition. The index j on Φ j denotes the many different ways to distribute the N A particles among the eigenstates of h 0 (x i ) with the appropriate boundary condition. The Hamiltonian for φ j (y), which has to be solved, can now be written
where
The subscript x on the brackets denote integration over all x 1 , . . . , x NA . Note that P ii = 0 and Q ii < 0 [41] and one can show that P ij and Q ij scales with √ N A while Q ii scales with N A [27] . For large N A we can thus neglect all but the Q ii terms. Particularly, if we only keep the first Q 11 then we have
Furthermore, E 1 (y) = N A ǫ(y) by additivity. Once we have determined the functions f (x|y) and ǫ(y), see [27, 28] , we can compute the adiabatic potential for the ground state. The Schrödinger equation for φ(y) is then 
The energy E provides a variational upper bound to the exact energy. The energies computed via this method for the polaron are shown in Fig. 1 and agree with the numerical exact diagonalization results in [27] to within a few percent and is expected to agree better for larger number of particles.
However, the equation above, Eq. (A7), has some limitations in the strongly interacting case. The problem arises in the first term around x = 0 as the impurity approaches zero from left and right. As the wave function f (x|y) changes suddenly from right to left of zero this gives a huge contribution to the derivative resulting in a peak/wall in the middle of the effective potential for the impurity. The change in f (x|y) and therefore the height of this wall is g dependent. The stronger g, the bigger is the change in the f (x|y) as the impurity is placed to the left and right side of x = 0. But the first term in the equation is also N A and m BA dependent. As the impurity gets heavier the 1/m BA damps the huge contribution from the derivative, but the N A on the other hand has the opposite effect like g. This means that when g is strong, and we work with equal mass case, then the impurity is well separated and the physics of the impurity is not affected by this wall at all. But as one turns on for the mass imbalance, the impurity starts to move to the middle and starts to see this wall. All in all, the weak point of the method turns into a question of how big g and N A are relative to the mass ratio. On the other hand, if one knows that the impurity will be at the edges, then the method is very powerful to predict the energy and wave function for the polaron system. Otherwise an analysis of each contributing factors, g, N A and m BA , has to be made in order to validate the method. For instance, in the N A = 4 and g < 2 case, the method works perfectly for any m BA .
